
Solving differential equations on a superconducting quantum processor

A.V. Lebedev
Dukhov Research Institute of Automatics,

State Nuclear Energy Corporation,
Functional Micro/Nanosystems Laboratory,
Bauman Moscow State Technical University

Russian-Chinese International School ”Superconducting 
functional materials for advanced quantum technologies



Development of quantum computational methods

2008 :  first unsensitive to background charge noise superconducting qubit is suggested (J. Koch et. al., 2008)
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2019-2023…  - Noisy intermediate scale quantum  (NISQ) devices epoch

• Quantum supremacy has been demonstrated in 
large size matrix multiplication (Google team)

• First evidence of quantum simulation of spin dynamics 
has been  demonstrated at a finite noise level 
of quantum gates (IBM team)



2008 isolated high-coherence qubits

5-qubit public quantum computer IBM (2017)

Coherence time 𝑇2
∗: 𝟒𝟏. 𝟎, 𝟒𝟑. 𝟓, 𝟑𝟗. 𝟒 𝜇𝑠

2-qubit error rate: 𝟐. 𝟕𝟗%, 𝟐. 𝟒𝟔%, 𝟏. 𝟔𝟖%

2023 

Quantum error correction codes:

• Several physical qubits comprise a logical qubit
• The required qubit number is about 10000
• The required qubit 𝐞𝐫𝐫𝐨𝐫 𝐫𝐚𝐭𝐞 < 𝟎. 𝟎𝟎𝟏%

202? – 203?What is next?



The dynamics of a spin lattice with nearest neighbor interaction has 
been simulated

𝑈 𝑡 = 𝑒−𝑖𝐻𝑍𝑍 𝛿𝑡 𝑒−𝑖𝐻𝑋𝛿𝑡
𝑁

The exact simulation requires Trotter decomposition of evolution operator

What has been done: 𝛿𝑡 =
𝜋

4𝐽

2𝐽𝛿𝑡 ≪ 1



The roadmap for practical quantum computation

Formulate a set of industry motivated computational problems:
• Continuum dynamics
• Flow dynamics

Develop and analyse the quantum counterpart algorithm:
• Quantum scheme size (number of qubits,  of quantum gates)
• Noise sensitivity (fidelity)
• Computational gain at a given noise level

Quantum hardware requirements :
• Required accuracy of quantum gates to reach quantum supremecy
• Number of qubits and scheme connectivity
• Required coherence time 

These problems are hard to solve on a 
classical computer !



Quantum Poisson Solver (QPS): direct finite difference method
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Solution is encoded into amplitudes of a quantum state of a qubit register:
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Poisson equation is solved on a discrete spatial lattice of 𝑁 × 𝑁 × ⋯ nodes.  
Number of nodes quantify complexity of the problem

ℎ = 𝑥𝑛+1 − 𝑥𝑛

𝐻 Ԧ𝑓 = 𝑏

𝑥𝑘 = |𝑏𝑑−1 𝑏𝑑−2…𝑏0⟩

bit string 𝑏𝑘−1𝑏𝑘−2…𝑏0 represents index 𝑘 of 
a discrete spatial lattice

The QPS reduces to the solution of a large sparse linear system



𝐴 Ԧ𝑥 = 𝑏

The main idea of the HHL algorithm 
to find inverse matrix through its

spectral decomposition
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Quantum linear solver provides an exponential speed up for sparse linear systems 𝑁 ⇒ log𝑁

Hidden requirements of HHL algorithm: efficient unitary operation generated by matrix 𝐴

𝐴 ⇒ 𝑈𝐴(𝑚) = exp −2𝜋𝑖 𝑚 𝐴 , 𝑚 = 1,2,…

What does it mean efficient?

𝑈𝐴 = ෑ

𝑖=1

𝐾𝐴

𝐺𝑖 𝐾𝐴 ∼ log𝑁 𝑝

1 or 2-qubit 
quantum gate

polylogarithmic 
complexity
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QPS algorithm characteristics
(for exaflop 𝑁 ∼ 1018 size of computational task)

problem 
dimensionality

n=1 n=2 n=3

qubits number 295 355 415

number of quantum 
operations

775000
(2600 per qubit)

133000
(375 per qubit)

51000
(123 per qubit)

computational gain 20 1012 1015

required gate 
accuracy

99.995% 99.99% 99.98%

n=1

n=3

Quantum gain
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Quantum fast Poisson solver: 
the algorithm and complete and modular 
circuit design,
Quantum Information Processing 
19:170 (2020) 

𝑑 = log2𝑁

Comparison with others algorithms 

Number of gates scaling 

log10 log10𝑁

Exceeds number of atoms
in the Universe

log10 log10𝑁

Quantum depth of algorithm

Quantum depth: number of gates 
along the longest path in the circuit

depth = 5

00000 + 11111 /√2GHZ state preparation



Main disadvantages of the direct method:

• Still requres a big qubit number 4 + 𝑛 log2𝑁 − 5

• Number of quantum gates (quantum depth) is about 100000:  execution time exceeds 1 − 10 𝑚𝑠𝑒𝑐

• Algorithm is difficult to generalize for time dynamics (for example diffusion or heat equation).

• We have no classical information about solution and need to repeat algorithm execution many times to infer it.

Are there any alternatives for HHL algorithm to solve linear systems?



Quantum variational solvers - QVS (main idea)

1. QVS prepares candidates for solution using a shallow sequence of quantum gates. 
The solution is prepared in the form of  parametrized gate sequence acting on a reference state.

2. Measurement is performed on a candidate to evaluate its quality in terms of a loss function:

3. Optimization loop updates variational parameters to minimize the loss function with a classical optimization 
methods e.g. gradient descend

𝐴 Ԧ𝑥 = 𝑏

𝑥 = 𝑈𝐾 𝜃𝐾 𝑈𝐾−1 𝜃𝐾−1 …𝑈𝑗 𝜃𝑗 …𝑈1 𝜃1 |𝑟𝑒𝑓 𝑠𝑡𝑎𝑡𝑒⟩

variational ansatz

𝐿(|𝑥⟩) ⇒ 𝑛𝑢𝑚𝑏𝑒𝑟

min
𝜃

𝐿(|𝑥( Ԧ𝜃))

What are the possible loss functions?

𝐿𝑅 Ԧ𝑥 = 𝐴 Ԧ𝑥 − 𝑏
2

𝐿𝑇 Ԧ𝑥 = 𝐴 Ԧ𝑥 − 𝑏
2
+ Ԧ𝑥 2



First class of VQS: Agnostic variational ansatz (uses no information about linear system)

Hardware efficient

Chess board ansatz

Variational parameters are encoded 
into single-qubit rotations at fixed entangled gates

The main problem of agnostic variational solvers 
is an exponentially vanishing sensitivity 
to the variational parameters: “plateau effect”

|𝜕𝜃𝐿| ≤ 𝒪(1/2𝑛)

The Hilbert space is huge and probe state
hardly overlaps with the solution



Second class of VQS: Classical combination of variational quantum states

The main idea: different candidate states are classically combined to form a solution:

𝑥 ∈ 𝑆𝑝𝑎𝑛 𝜓1 , … , 𝜓𝐾

candidate states

Search for the solution in the form:

𝑥 = 𝛼1 𝜓1 + 𝛼2 𝜓2 +⋯+ 𝛼𝐾|𝜓𝐾⟩
Optimize variational parameters 𝛼1, 𝛼2, … using 
classical convex optimization (polynomially hard problem)

Advantages of the method:

• The quantum state 𝑥 is never created during algorithm execution, only simple quantum states 𝜓𝑘 are generated.
• Algorithm requires the measurement of 𝐾 × 𝐾 simple averages:

• The loss function is calculated and optimized using classical computer

𝐿𝑅(|𝑥⟩) = ⟨𝑥|𝐴+𝐴|𝑥⟩ − 2𝑅𝑒⟨𝑥|𝐴|𝑏⟩ + 1
⟨𝜓𝑖 𝐴

+𝐴 𝜓𝑗⟩

⟨𝜓𝑖 𝐴 𝑏⟩
Measured on a QC

෍

𝑖=1

𝐾

෍

𝑗=1

𝐾

⟨𝜓𝑖 𝐴
+𝐴 𝜓𝑗⟩ The main question: Where do we take good candidate states from?

𝐴 Ԧ𝑥 = 𝑏



Ansatz tree approach

The variational state is built up step by step in the form of the tree:

|𝑥⟩ = 𝛼0|𝑏⟩ + 𝛼1 𝑈1|𝑏⟩ + 𝛼2 𝑈2𝑈1|𝑏⟩ + ⋯

Tree root
(0 step)

1 gen. child
(1 step)

2 gen. child
(2 step)

(Huang H. Y., Bharti K., Rebentrost P. arXiv:1909.07344. )

Every Hermitian matrix has a unitary decomposition:  𝐴 = σ𝑖 𝛽𝑖 𝑈𝑖

Candidate states:    𝜓𝑘𝑙𝑚… = …𝑈𝑚 𝑈𝑙𝑈𝑘 𝑏 are generated by unitary from decomposition of 𝐴

We make use of the form 
of the linear system! 

There is an efficient unitary decomposition:

𝐴 Ԧ𝑥 = 𝑏

𝐴 = 𝑈𝑄𝐹𝑇 ෍

𝑘,𝑚=0

𝑑−1

𝑑𝑘,𝑚 𝑍𝑘𝑍𝑚 + 𝜁𝑘𝑍𝑘 𝑈𝑄𝐹𝑇
+

The candidate states a generated by a Pauli 𝑍 operators followed 
by Fourier transform

𝜓𝑘 = 𝑍𝑖1𝑍𝑖2…𝑍𝑖𝑘𝑈𝑄𝐹𝑇|𝑏⟩



tree depth = 1 tree depth = 1

tree depth = 2Choose 𝑈𝑖 which gives maximal change of
the loss function among 𝐾𝐴 = log2𝑁

2/2

The important question: How depth of the tree growths with the size of the problem?

𝑐 =
𝛿𝑥 2

𝑎2𝛿𝑡

log2𝑁



Comparison between direct and variational (Ansatz tree) methods for solving Poisson equation

Direct solver Ansatz tree

Qubit number 295 75

Number of gates 775000 25000
(needed to create solution)

required gate accuracy 99.995% > 99.83%

Execution time log 𝑁 3 log 𝑁 4+𝑝

1-dimensional case

Main advantages: 1) during algorithm execution one uses short quantum circuits with low quantum depth

Π𝑣𝑖 = 𝑍𝑖1𝑍𝑖2 …𝑍𝑖𝑘

Circuit for measurement of ⟨𝜓𝑖 𝐴 𝑏⟩

log2𝑁
2/2 ≤ 4 log2𝑁

Quantum depth
2026 for 
𝑁 = 1018

2) Solution constructed in the form of a classical
combination of states and thus known classically



Ansatz tree for solution of heat equation

𝜕𝑈

𝜕𝑡
= 𝑎2

𝜕2𝑈

𝜕𝑥2
+ 𝑓(𝑥, 𝑡)

implicit
finite difference 

scheme 𝑈𝑛+1
𝜏+1 + 𝑈𝑛−1

𝜏+1 − 2 + 𝑐 𝑈𝑛
𝜏+1 = 𝑏𝑛

𝜏

𝑏𝑛
𝜏 = 𝑓𝑥

𝜏 𝛿𝑡 + 𝑐 𝑈𝑛
𝜏

𝑐 =
𝛿𝑥 2

𝑎2𝛿𝑡

On each time step algorithm solves Poisson-like equation with updated vector 𝑏 𝐴 𝑐 Ԧ𝑥 = 𝑏

lattice 
parameter



Full numerical simulation of a time dependent heat equation
𝑁 = 211 = 2048
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𝑇2 = 80𝜇𝑠 𝑇2 = 63𝜇𝑠𝑇2 = 38𝜇𝑠

𝑇2 = 46𝜇𝑠𝑇2 = 78𝜇𝑠 𝑇2 = 66𝜇𝑠

𝑇2
∗ = 42𝜇𝑠

𝑇2
∗ = 63𝜇𝑠

𝑇2
∗ = 27𝜇𝑠

𝑇2
∗ = 32𝜇𝑠𝑇2

∗ = 31𝜇𝑠

𝑇2
∗ = 40𝜇𝑠

385 нс

503 нс

936 нс

775 нс2512 нс

Where are we from hardware point of view



Conclusions:

• We have developed two types of algorithms for solving linear differential equations.

• For the exaflops problem size we have found the necessary requirements for the quantum processor:

495 qubits (direct method)      75 qubit (variational solver)
error rates:                             < 0.02%                                       < 0.1% 

• We are one the route to develop a large scale quantum processor (5-year lag from leading teams)

• 6-qubit quantum processor has been deployed

Thank you for attention!


